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INTRODUCTION 
In [ 1 ] N. Steinmetz proved the theorem’ that follows. We shall give a 
simpler proof that incidentally uses only the first fundamental theorem of 
Nevanlinna, not both the first and second fundamental theorems. New 
generalizations are touched on. Although number theory has nothing 
directly to do with the proof, methods from the theory of transcendental 
numbers provided motivation for the basic connection. 
Suppose g is entire, n 2 2 is a natural number, and fi (z) f 0 (1 d i d n) 
and hi(z) f 0 are each meromorphic. Suppose that for a sequence of z, 
with lzjl + co, C:=, T( r, hi (z, )) = 0( T( r, g)), where T denotes Nevanlinna’s 
characteristic function. 
THEOREM (Steinmetz). ZfCr= I fi(g) hi(z) = 0, then there exist n polyno- 
mials p,(x), not all zero, such that C:= 1 pi(g) h,(z) = 0.’ 
We shall need: 
LEMMA. Let m be a natural number. Let F, f 0, . . . . F,,, $0 be m formal 
power series in z - a for any complex a. There exist an infinite sequence of 
’ His proof shows this, although his statement is weaker 
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m+ 1-tuples of polynomials in z, (Q,(z), P,,,,(z), . . . . P,,,,,,,(z)), that satisfy 
for each M the following three properties: 
6) QM,(z)* 0; 
(ii) max{deg, Q+,(z), deg, P,,(z), . . . . deg, PmM(z)} dmM; and 
(iii) every Q,,,(z) F,(z)- PI,,,(z), 1 < i<m, vanishes to at least the 
order (m-t 1)M at z=a. 
Proof Requirement (iii) imposes m(m + l)M linear homogeneous con- 
ditions on the (yet to be determined) coefficients of QM(z) and the Pi,,,(z). 
By (ii) there are (m + 1 )(mM + 1) such coefficients to be determined. Since 
(m + l)(mM+ 1) > m(m + l)M, it follows from linear algebra that for each 
M there exists a set of coefficients for the Q,,,,(z) and the P,,,,,(z) that are 
not all zero, such that (iii) holds. We conclude by showing that necessarily 
Q,,,,(z) f 0. Otherwise, each - Pi,,,,(z) = Q,,,,(z) F,(z) - P+,(z) vanishes at 
z = a to an order greater than deg, P,,(z). This would imply that Q,+,(z) = 
P,,(Z) = = P,,,,(z) = 0, a contradiction. 
PROOF OF THE THEOREM 
Set m = n - 1 in the Lemma. Set each F;(z) =fi+ i (z)/fi (z). Let a be any 
point where each f,, , (z)/f, (z) is developable into a power series. Define 
G,,,(z)=QM(g)h,(z)+C::: PiM(g)hi+l(z), ldM<oo. We shall show 
that at most a finite number of the G,,,,(z) are nonzero functions. In what 
follows we shall assume each G,(z) f 0. This will lead to a contradiction. 
First we show that 
-G,(z) 
ffA4(z)= [g(z)-al”M 
= -Q,kM,W-X: f’i,w(g)hi+,(z) 
[g(z) - alnM 
has exactly the same poles as does G,(z). By hypothesis 
Dividing by fi (g) gives 
(1) 
,;, F,(g) hi+ l(z) = 0. 
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Adding Q, (g)[ g(z) - a)] PnM times this expression to ( 1) yields 
n-l 
H,(z)= -Ct~(z)-al-“~ Q,wk)h(z)- 1 Qd~~;+&) 
,=I 1 
n-l 
-QM(g)hl(z)+ C PiM(g)hi+l(Z) 
I 
. 
i= I 
Thus, 
n-l 
HiGI(z)= 1 (QM(g)F,(g)-P,,(g))Cg(z)-al~““h,+l(z). (2) 
,=I 
By (iii) of the Lemma, for each M, 
(QM(S) Fi(g)-PiM(g))(g(Z)-U)--nM 
is entire, so the division by [g(z)-~]“~ in (2) produces no new poles. 
(Since g(z) - a is entire, this division cannot remove any poles.) Hence, 
N(r, ff,+, (z)) = N(r, G,tt (z)) d i N(r, hi). (3) 
i=l 
Let 
T= {z; Ig(z)-al <I}. 
For all z in T, we have that 
is bounded. Hence, by virtue of (2) for all z in T, we have 
l~,(i)l=O(“~lIhi+‘(~)l). 
i=l 
On the other hand, by virtue of the Lemma, part (ii), for all z in C- T, 
where C is the complex plane, we have for each i and M 
Q,,,(s) 
k(z) - QY 
and PiM(g) 
k(z) - uYM 
are bounded. (Recall that m = n - 1). Hence, 
IHM(Z)I =O(i, Ihi(z)j). 
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Thus, for some real number K, independent of r, 
m(r, H,w(z)) d i m(r, h(z)) + K, (4) 
i= 1 
where m(r, h) denotes the proximity function. From (3) and (4), we have 
T(r, H,,,,(z)) 6 f: T(r, hi(z)) + K= O(T(r, g)) + K. (5) 
I=1 
By Nevanlinna’s first fundamental theorem m(r, l/HM(z)) must be no 
larger than the right hand side of (5) (possibly for a new constant replacing 
K). Let us denote this bound by B,. If M and r are sufficiently large, we 
shall find a lower bound for m(r, l/H,(z)) which will exceed-B, and the 
theorem will follow by contradiction. 
For all z in C- T, we have using (ii) of the Lemma that 
lH.~(z)l d Wg(z)-almM mad lhi(z)l}), 
since the max, deg{ Q,,,(g), Pi,(g)} is at most (n - 1)M. Thus, for some 
positive constant C,, independent of z, we have 
>Mlog /g--al - i log+ l&(z)1 -c, 
i= 1 
=Mlog+ Ig--al- i log+ l/q(z)1 -CM. 
i= 1 
(Note that (6) holds for all z in T as well.) 
Averaging (6) over the arc IzI = r, we obtain 
(6) 
>MT(r,g)- i T(r,h,(z))-C,>B,, 
,=I 
a contradiction for sufficiently large M. 
GENERALIZATIONS 
Seemingly nothing much is needed topologically to make this proof 
go through. Functions might be from C” to C for any natural number n. 
Functions might even be from Riemann surfaces to C. 
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Suppose that each 4i(w, z) for i = 1, . . . . n is a nonzero meromorphic 
function in w and Z. Suppose that for some entire c( satisfying 
T(r, a) = o(T(r, g)) each di(w, z)/#, (w, z) = C,oC=, b,(z)(w - a)’ f 0 where 
each b,(z) is meromorphic and every T(r, b,(z)) = o( T(v, g)). The equation 
C:=, d;(g, z) hi(z) = 0 can be shown to imply that there exist polynomials 
in g and Z, P,(g, Z) not all zero, with coefficients aii that are meromorphic 
functions whose characteristic functions satisfy 
such that 
T(r, ai,) = o(T(r, 8)) 
,$, pits?, 2) h(z) = 0. 
The method of proof uses the construction of the proof in our theorem 
with the h, replacing the constant coefficients of the expansions of the F, 
about z = a and tl replacing a. 
Recently Dale Brownawell has written a paper (to appear in the 
Canadian Journal of Mathematics) where he obtained a parametric for- 
mulation combining the statement of this theorem of Steinmetz and one of 
Steinmetz’s main corollaries. His method of proof is essentially that of 
Steinmetz. We have been unable to use our method to obtain Brownawell’s 
result. It would be interesting to see if this could be done. 
A CONCLUDING REMARK 
Let f and g be two nonlinear entire functions at least one of which is 
transcendental. In [2] the authors used Steinmetz’s theorem to prove a 
conjecture of the first author that the composite functionf(g) has infinitely 
many fix-points, in the special case when one of the functions is of finite 
order while the other is of finite lower order. Since this new proof of 
Steinmetz’s theorem does not depend on Nevanlinna’s second fundamental 
theorem nor on any other generalization to Picard’s Theorem, tools that 
seemed necessary in the past to prove theorems of this type dealing with 
the distribution of fix-points, it seems that the methods used here exhibit 
a new elementary approach to such problems. 
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